stichting
mathematisch

centrum

AFDELING NUMERIEKE WISKUNDE NW 95/80 )
(DEPARTMENT OF NUMERICAL MATHEMATICS)

P.J. VAN DER HOUWEN & H.B, DE VRIES

PRECONDITIONING AND COARSE GRID CORRECTIONS IN THE SOLU
OF THE INITIAL VALUE PROBLEM FOR NONLINEAR PARTIAL
DIFFERENTIAL EQUATIONS

Preprint

kruislaan 413 1098 SJ ar

‘dam




ninted at the Mathematical Centre, 413 Kauislaan, Amstendam.

he Mathematical Centre, gounded the 11-th of February 1946, is a non-
o4t institution aiming at the promotion of pure mathematics and its
pplications. 1t 48 sponsored by the Netherlands Government through the
etherlands Onganization for the Advancement of Pure Research (Z.W.0.).

Mathematics subject classification: 65B99, 65F10, 65M20




onditioning and coarse grid corrections in the solution of the initial

e problem for nonlinear partial differential equations *)

van der Houwen & H.B. de Vries

RACT

The numerical solution is discussed of nonlinear, time-dependent partia
erential equations. By the method of lines an initial value problem for
stem of ODE's is obtained to which an implicit linear multistep method
pplied. Using Newton iteration the nonlinear implicit relations are
aced by a sequence of linear equations. The linear problems are pre-
itioned by applying incomplete LU-decomposition and then solved by
bi iteration. The convergence is accelerated by introducing coarse grid
ections. Numerical examples are given and a comparison is made with othe

gration techniques.
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JTRODUCTION

When the method of lines is applied to an initial-boundary value

lem for a (nonlinear) hyperbolic or parabolic differential equation, we

1 obtain a system of ODE's of the form

dvy
Vv
dt

= £(t,y), v=1,2

prescribed values for y (and dy/dt) at t = t By applying a linear

0"
istep method to this equation we are asked to solve at each time step

system of equations

k
v v
y - bOTnf(tn+1'y) a Ezl[aﬂyn+1—£+bﬂTnf(tn+1—£'yn+1—£)]

n n+1
ceal coefficients. The (approximate) solution of (1.2) is identified witl

2 yn denotes the numerical solution at t = tn, T =t —tn and {a ’bﬂ}

Assuming that f is differentiable with respect to y we may define the

ition process [5]

y(O) _ y(pred),

(3) _ vy -1 v (5-1) . .
y = [z bOfan] [bOTn(J Jj)y +¢(u(]))] ’ j=1,...,M
oy v (u(3)) (u(3))
pa(i) =J + byt [£(t .,y ) - Jy 1
of (0) < Ly < . .
= oo r ’ = = +1 < ’
J 5y (t 7Y ) 0 < wu(j) <u(j+l) <3
: zn denotes the right-hand side of equation (1.2), y(pred) is some
.ctor, Ej' j=1,...,M, are approximations to J and u(j) is a piecewise

:ant function. This function will be called the update function because
time it changes its value a new right-hand side function is to be
lated.

The scheme (1.3) contains several well-known iteration processes as

.al cases. For instance,

Sj =J, u(j) = j-1




21ds the modified Newton-Raphson process.
A second class of methods is based on a splitting of the Jacobian matris
Well known methods arise if (f(t,y) originating from a 2-dimensional

>blem)

5) I, = {

re J1 and J2 are "simply structured matrices" (e.g. tridiagonal matrices).

light modification of (1.5) is given by

5") Ej =J, +J, - bOTXJlJz =J - bOTZJlJz.
: update function u(j) is still free in these methods. In [4] the case
1) = j-1 was investigated (method of successive corrections). This choice
fuires in each iteration an f-evaluation and generally is rather expensive;
rever, the efficiency might be improved by choosing other update strate-
s for f.

A third class of iteration methods is based on incomplete LU-decomposi-
mn. Let L*U* denote an incomplete LU-decomposition of the matrix I - b TvJ

0
'om now on the index n is omitted in the steps Tn), i.e.

AV * *
6) I- bOT J=L1U - R,
. . . . » * *
're R is the residual matrix with a small matrix norm and L ,U are a
rer and upper triangular matrix, respectively. These matrices were chosen

v
proposed in [8]. Let J be a (KXK) matrix, then writing A = I - b.T J and

0
* % *
ioting the elements of the matrices A,L ,U and R by aij' L ij' u*ij and
o’ 1 <4i,j £ K, the incomplete LU-decomposition is defined by
=1, =1 K
]] r ] 7o ging o1
If (k,j) € P thenu ., = 0= =-(a. - ) & u)
13 € en Yy . 'S MR N S
* *
7 = - 4 = ..o sK;
) else ukj akj izl kiulj for j k,k_l,K
* - * *
f (j,k = = - -
If (j,k) € P then Kjk kglﬂ-r X (ajk izl ]iuik)
else K* := (a - 2 Z* u* )/u* for j = k+1 K
ik SRS EA M 5 J = SRREAN




2k =1,...,K. In all our experiments P is the set of pairs of integers

1ed by

P = {(llj)l'l_J' 7£ 0111 =" TS 1 < i, j < K},

b-3 'b-1
2 "2

2 b denotes the bandwidth of A [11].

This choice of the set P is suitable when the partial differential
tions does not contain mixed derivatives and is semi-discretized by
Jard symmetric differences. For more details on the L*U*—decomposition

afer to [8].

We now define the approximations Ej' j=1,...,Min (1.3) by
~ * *
) I-bt 5 =15 = [1-1%"7.
0 3j v
bOT

titution into (1.3) yields for y(J) the expression

> ¢y -1 Ry 9TV 4 s 1.

iteration method can be interpreted as a Newton-Raphson method in which
linear systems are first preconditioned and then solved by Jacobi
aition. To see this we consider the linear system to be solved in the

>n-Raphson process for (1.2) in the form

) (I - bor"J)y = ¢(u(i)),

, )

* %
is the solution of the preceding Newton step. Let L U be the
nplete LU-decomposition defined by (1.7) then (1.10) can be preconditione
>tain
1

(I - bOTvJ)y = (L*U*)_1¢(u(j))

* X -
(L U)
citution of (1.6) yields

") y = [L*U*]_l[Ry + ¢(u(3))1]




applying Jacobi iteration leads to (1.9).

In Section 2 we derive the iteration error of the general iteration
hod (1.3) and in section 3 the effect is considered of introducing
rse grid corrections into (1.3). Finally, in section 4 we apply (1.9) in
amber of parabolic initial-boundary value problems and show that coafse

1 corrections improve the accuracy considerably. Also comparisons are

ean with other integration techniques.

[HE ITERATION ERROR

Let n be the solution of equation (1.2) and define the iteration error

L) e(j) =n - y(j)-

1, it is easily verified that the iteration error of the scheme (1.3)

.sfies the relation

) (1 - bOTVEj e = bOTv {[J - Sjje(j—n - @n - £(e M)

4 (g ()

Since f is assumed to be differentiable it satisfies an inequality

he form
f
) I£(t,v) - dv - £(t,w) + Jwl < sup | g— (t,y) - al ly-wl,
yeY
e

Y = {yly = Ov + (1-0)w, 0<0<1}.

g this inequality we derive from (2.2) the estimate

Te(Hll < |bO|T"|| (I_bor"Ej)‘lu g - 'J“jn Te(j-1)1 + Cjﬂe(u(j))ll}

~

of of (0)
= 1oL _ 3f
Cy =sup Mt oy - gty
veY.
j . |
Y, = {yly = on + (1-0)y%3) 0 < 0 < 1}.




(2.4) it is immediate that the final iteration error

e(M) = O(TV(§+1+m)

) as T > 0

2 § is the order of accuracy of the predictor formula used in (1.3) and
i1otes the number of f-evaluations. Thus in order to obtain the same

- of accuracy p as the generating k-step method (1.2) at least

/v - 5 - 1 right-hand side evaluations are required.

We also conclude from (2.4) that for slowly varying Jacobian matrices
7 the contribution of the (Newton) error e(u(j)) will be small when
ired with €(j-1). This means that one should keep u(j) sufficiently long
fixed value in order to compensate the possibly large error constant
:d by the factor "J—Ej". This may lead to large numbers of matrix-—

>r multiplications but does not increase the number of function evalua-

5a

JARSE GRID CORRECTION

(3-1)

In order to accelerate the convergence of (1.3) we add to y for

41,M2,... the correction term (cf.[2,3])
(3) _ v -1 . PN (3-1)
c = PhH[I bOT JH] RHh[¢(u(j 1)) (1 bOT J)y ]
>tain
y(j) = [I—bOT\):T'.]_1 (b Tv(J~3.)(y(j_1)+c(jH + ¢ (u(j))d,
i 0 J
=M M,

JH denotes the Jacobian matrix of the right-hand side function corres-
ng to a coarse grid with grid parameter H. The (rectangular) matrices
ind PhH relate the grid functions defined on the coarse grid QH and the
Q. actually used (h < H). R

h Hh
defined on Qh into a function defined on QH and P

(the restrictor) transforms a grid func-

hH (the prolongator)

versa. These operators are assumed to satisfy the relation (cf. [21])




; I -1l = o@m? > 1.
.3a) PhHRHh I O(H®) as H~> 0, g 1

irthermore, it will be assumed that also

; - I = q
.3b) "JH R 9P O(H") as h < H » 0.

The coarse grid corrections

L) (3) _ (3) .
.1) c = Pth o’ j =M, ,M

172"

:quire the solution of linear systems for céj) with

v
.4) AH =1I- bOT JH

; its matrix of coefficients. Let ZH be an approximation to A_ such that

1 is easily evaluated and write the linear system for céj) in the form

len we may define the iteration process (cf.[2])
,.6a) z = a-l 33

) = - N_l
}.6b) zp [1 - a-1la ]z£ LT A Y

We shall assume that this process solves (3.5) with negligible error.

ilen the iteration error of (3.2) satisfies the equation (cf. (2.2))

} _ v . -1
1.7) [ byt Jj]e(j) byt Y{La- J 11~ P, Py HhA]E(] 1)
-1
- [1+ bOT (3-J. )PhHAH RHh][(Jn —f(t M)
(u(j))_ (u(J))
(Jy f(tn+1 )) 1}
lere we have written A = I - b TVJ and where it is assumed that u(j) = u(j-

0

x j =M ,M,... .

1772




r way as we derived (2.4) from (2.2) we no

lei)l < |b|t1(T - b r"Ej)'lu Uh3-3,1 11

ol 0
+ c b _t(3-3,)P A_lR Ile(ue
j 0 3" "hH H Hh
defined in the same way as in (2.4). The
e (2.4) is the occurence of the factor I
ant of €(j-1). In order to see the magnitu
te A and AH' and write
1

- P _A R_A
I hH H Hh

v % =1 V_* V_*x
= (I—bOT J ) [(I—bOT J) - (I—bOT J )Ph

a (square) matrix satisfying the relation

*
P =P J_.
JhH hH H

y verified that

v 1
= (I—bOT J) [(z PhHRHh) bOT PhH(JH—RHh
irtue of (3.3)
-1 v_ g
- I = q
I PhHAH RHhA O(H*+T H") as 7, h < H >

we now derive for j = Ml'M2""

le()l < cT“(anJ_Eju le(5-1)1 + CjHe(u(j)

a uniformly bounded constant as T and H -




NUMERICAL EXPERIMENTS

The test examples.

All initial-boundary value problems chosen for our numerical experimen

defined on 0 £ t £ 1 and

2= {(x;,%,)) | o< X%, < 1},

semi-discretized on a uniform grid Qh with mesh width h by standard
metric differences. The grid used to define the coarse grid correction
1) has grid parameter H = 2h. Thus, h = 1/10 results in 81 equations on

fine grid and 16 equations on the coarse grid. For h = 1/20 we have
and 81 equations, respectively.

The examples were chosen such that the exact solution is available.
refore, initial and boundary conditions can be prescribed by providing
exact solution.

Our first example is linear and serves to test the effect of the coars

d correction on the rate of convergence of the iteration scheme:

Ut = oc(UX + U % ) - ae—t(4u + xi + xg
1*1 X%

), o = 1,100,

-t 2 2
U(xl,xz,t) = oe (x, + x2) + 1

1

ce the exact solution is quadratic in the space variables 3 and X, the
ce discretization error vanishes so that the time integration aspect can
tested more or less separately from the effects of space discretization.

The second example is defined by [9]

2 2
U = (—§~ + 9 )05
t 2 2
Bxl 8x2
2) .
ul( £) = (X (2t4x. 4x.) 17
XprXprt) = 13 X17%y

s nonlinear problem gives rise to an iteration error (M) where both the

or of the inner (Jacobi) iteration and the outer (Newton) iteration are




int (cf. (2.4) and (3.12)). It therefore can be used to demonstrate the

't of the inner and outer iteration processes.

’he numerical scheme.

In this paper the numerical experiments are restricted to parabolic
:ions, i.e. v =1 in (1.1). For the implicit formula (1.2) the fourth
- backward differentiation formula (cf. e.g. [6, p.242]) was chosen

1 results in

bO - %%-' zn - 5%_[48yn - 36yn—1 * 16yn—2 - 3yn—3]

1e iteration process (1.3). This formula was chosen because of its

.lent stability properties [1] so that (1.3) is also expected to be

.e if the iteration error is sufficiently small in each integratioh step.
In order to apply {(1.3),(4.3)} four starting values are required which
obtained from the exact solution of the initial-boundary value problems.
lermore, we put y(pred) =Y. Tn = T 1s constant, J was obtained by
rticil*differentiation, Sj is determined according to (1.8) (for details
1@ L U -decomposition used we refer to [12]) and the update function

is defined by
(1) =0, ug) = (291, §=2,...,M,

+ [x] denotes the integer part of x and m is the number of f-evaluations
ntegration step to be specified in the tables of results.
The scheme {(1.3),(1.8)} was combined with the coarse grid correction

The values M, ,M

1 r-.. where this coarse grid correction is inserted

2
riven by

M, = L (p+s+1) -s,

p and s are integers to be specified in the tables of results. From

it follows that two coarse grid corrections are "separated" by p+s




'rations and the first correction is preceded by p iterations. In the ex-
‘iments M is always a multiple of p+s, hence the number of coarse grid

'rections per integration step is given by

M
6) r= pt+s

performance of the coarse grid correction C itself requires the solu-

n of the linear system (3.5) which is solved by (3.6) in u iterations
luding the initial iteration (3.6a). The matrix X&l in (3.6) is obtained
incomplete LU-decomposition (cf.(1.8)). The prolongator and restrictor
rators needed in the coarse grid correction can be compactly formulated
introducing the averaging operatocrs M_sM sH, an ux. When applied to a

d function at a point Q these operators are respectively defined by the
rage of the values at the two "horizontal", the two "vertical", the four
rizontal" and "vertical" and the four "diagonal" neighbouring points of O.
thermore we can divide the grid points into four groups according to

ure 4.1. The coarse grid with a parameter H = 2h consists of grid

———0 - O - —0n
o =
® 0O
o =B
@ (]
o =
P

] o | o a8 O 2
o e o e o 1 > e
B = s i3 £— 8

Fig. 4.1 Grid for h = 1/6

ats denoted by U. Let v be a grid function defined on the coarse grid,

the points U, then the prolongator is defined by
7) PpgVlg = Vi (P V)g = H Vi (Pypvlg = W _Vi(P v)y = W v.

u be a grid function defined on the fine grid with grid parameter h, then




11
(RHhu)D = hu, + %(UXU)D + L(ugu) .

jumerical scheme specified in this section will be called the PCGC

ronditioning and Coarse Grid Corrections) method.

lumerical results.

In order to describe exactly what particular PCGC method is used in the
ss of results we introduce the following notations (cf. the notation for

.ctor-corrector methods) :

E evaluation of the function ¢ defined in (1.3)
iteration step defined by (1.9)
C coarse grid correction defined by (3.1) where u is the number of

iterations performed on the coarse grid (cf. section 4.2).

~ticular method is now denoted by (cf. section 4.2)

IM/m)m

(E ifr =20

syr/mm e s p

(E(1Pc 1
M
rermore, we use the notations:

A(T) accuracy in the end point t = 1 measured by the minimal number of

correct digits, i.e.
10
) (1) logly - u(t )i,

where | "Oo is the maximum norm and u(tn) denotes the exact sclu-

tion of the partial differential equation on the grid Qh at t = tn

p(t,21) effective order of the scheme {(1.3),(1.8)} in the interval
(t,21t) defined by

A(t) - A(21).

10log 2

1) p(1,21) =




-1
I f total number of f-evaluations given by (T -3)m

z matvec total number of matrix-vector multiplications on Qh, which
is given by (T_1—3)[m+r(p+s+1)] for r # 0 and by (T_1—3)(m+

for r =0

* %
Z sol total number of equations L Uy = b solved on Qh, which is

given by (T_1—3)(p+s)r for r # 0 and (T—1—3)M for r = 0.
In the following subsections we show the effect of the coarse grid
rection strategy (p,u,s,r) on the accuracy and the effective order of the
:me for large 10 values, where ¢ denotes the spectral radius of the

bian matrix J defined in (1.3).

.1 Coarse grid correction strategy

In order to demonstrate the effect of the (p,u,s,r)-parameters on the
iracy we first choose the linear problem (4.1) which requires only one
raluation per step so that the update function is fixed (u(j) = 0). In

tables 4.1 and 4.2 some results are listed showing that inserting coarse

Table 4.1 Results for problem (4.1) with a = 1
m=1, t=%and h = 1/10

M PCGC Method r | a) Lf I matvec ¥ sol
51 M 0 3.2 1 6 5
10f 4.93 1 11 10
4 E12c612 1 3.86 1 6 4
2 1 2.90 1 4 2
4 E(1c41)r 2 5.26 1 7 4
6 3 4.84 1 10 6




ble 4.2 Results for problem (4.1) with o =1
m=1, T =%and h = 1/20

PCGC Method r k) T f ¥ matwvec ¥ sol
1.62 1 6 5

e 0 2.27 1 11 10

3.56 1 21 20
1 1 3.09 1 6 4

2 2. r

E(I1°C.I") 2 5.02 1 11 8

J 4 4.83 1 21 16
) 1 2.55 1 4 2
r 2 4.46 1 7 4

e E(IC,T)

3 4.86 1 10 6
J 4 4.83 1 13 8

ble 4.3 Results for problem (4.1) with o = 100
form=1, T =% and h = 1/20

PCGC Method r A(y) I f I matvec I sol
] -.85 1 3 2
M

EI 0 -.27 1 9 8

I .46 1 17 16

) 1 .40 1 4 2

[ E(Ic41)r 3 3.13 1 10 6

4 4.83 1 13 8

) 1 .56 1 6 4

2 2. r

S E(I°C,I%) 3 3.71 1 16 12

| 4 4.80 1 21 16
] 1 .57 1 4

Y
\ E(ICgI) 3 4.30 1 10 6
a 4.70 1 13 8




Table 4.4 Values of A(%) obtained by (EIM/m)m

for problem (4.2) with h = 1/20.

M =1 m=2 m=3 m=4 m=5
4 1.47

6 1.68

8 1.93 1.96

10 1.96 2.26

12 1.95 2.44 2.48

16 E E 2.95 3.00

20 E E : 3.48 3.55
24 5 E E i 3.90
30 : ! : : ;
40 1:95 2:44 2:95 3:48 3:90

td corrections into the iteration scheme improves the accuracy consider-
ly. They also show that in this rather smooth problem only a few iteratic
» necessary in the evaluation of the coarse grid corrections.

In table 4.3 the results are given for the highly stiff problem (4.1)
ch o = 100. Without coarse grid corrections (r=0) the convergence is ex-
:mely slow, whereas a minimum number of iterations with only a single
irse grid correction is sufficient to obtain some accuracy. Additional
>eriments have shown that the accuracy gradually increases if the number
coarse grid corrections increases from 1 until 4, and remains constant
¢ larger values of r(A(%) ~ 4.7). In this stiff problem the accuracy
>roves if the number of iterations used in the evaluation of the coarse

id corrections is increased.
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fable 4.5 Values of A(%) cbtained by (E(IC4I)r/m)m

for problem (4.2) with h = 1/20.

r=M/2 m=1 m=2 n=3 m=4 m=5

L 1.96
1.95 2.44

o

2.95
48

3 1.95 2.44 2.95 3.46 3.90

[n the tables 4.4 and 4.5 the effect of the number of f-evaluations (m)
>arse grid corrections is illustrated for the non-linear problem (4.2).
coarse grid corrections are inserted then we see from table 4.4 that
ly M = 4+4m iterations are required in order to reduce the iteration
in the solution of the linear systems to.a negligible value. The

i (E(IC4I)r/m)m, however, only needs M = 2m iterations to achieve the

cresult (see table 4.5). Notice that this is also the lowest possible

- of iterations because r 2 m and M = 2r.

The effective order of the iteration scheme

"rom experiments with the method of successive corrections {(1.3),(1.5)}
:ed in [4] it follows that often the order of accuracy is considerably
han the asymptotic order of accuracy, particularly for small values of
large values of 10 where o denotes the spectral radius of the Jacobian
¢ J. Therefore, we are interested in the effective order (4.11) of the

> {(1.3),(1.8)}.




Table 4.6 Effective order of the method (EI3)m
for problem (4.2) with h = 1/10.

T m=1 m=2 =3 m=4 m=5
1/5 .6 3.6 4.6 5.9 5.8
1/10 9 1. . _ _
1720 4 3 1.2 1.6 - -
1/40
T+0 =1 p=2 p=3 p=4 =4

In table 4.6 the effective orders are given for problem (4.2) together
h the asymptotic order p derived from (2.5). The integration steps are
-formed without coarse grid corrections. Each three iterations the fﬁnctior
.s updated, hence M = 3m. For m > 3 and T = 1/20 the space discretization
or becomes dominant in the error v, - u(tn) so that (4.11) does not give
» order of the time discretization error (indicated by -). The results
this table indicate that the asymptotic order p is not reached. A possible
>lanation might be the effect of the space discretization error or the
(11 relatively large values of 1. Since we cannot decrease the value of
(the space discretization error would become dominant) we decrease the valu

h.

Table 4.7 Effective orders of the method (EIC4I)m
for problem (4.2) with h = 1/20.

T m=1 m=2 m=3 =4 =5
1/5 1.8 3.7 4.5 . 6.7
1710 5.0 3.3 4. ) -
1720 1.0 2.9 4.0 - -
1/40
>0 =1 =2 p=3 p=4 =5
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In table 4.7 the results are listed for the method (EIC4I)m for
0. Although the asymptotic order is still not shown we see a conver-

to the correct values for decreasing 1-values. It is also evident from
results that the introduction of coarse grid corrections increases the

tive order considerably.

omparison with other integration methods

The PCGC method in (EIC4I)m mode has been compared with two other
ration methods. The first one is the second order one-step Runge-
—-Chebyshev method (RKC method) described in [10]. The second method
so based on the preconditioned linear equation (1.10'), but instead of
erating Jacobi's method by coarse grid corrections as is done in the
method, the convergence is accelerated by applying Chebyshev iteration
ardson's method). By virtue of the property that the matrix I—(L*U*)_lR
ts eigenvalues in the right half-plane (provided that certain mild
tions are satisfied [8]), Manteuffel's analysis of Richardson's method
e applied [7] and the optimal values of the iteration parameters
ated. The generating method is identical to that of the PCGC method.
method will be called the Preconditioned Richardson method (PR method)
'ill be denoted by (EIq)m where g is the number of iteration steps to
each linear system to be specified in the tables of results.
Our test examples are again problem (4.1) and (4.2) both with h = 1/20.
In order to compare the three methods the A(T)-values and the computa-
1 effort required are listed in one table. The computational effort is
red by the number N of computational units which are defined different-

r each method. For nonlinear problems one may choose

1 * * * %
PCGC(r=m): f + 4 matvec + 2 sol + c, + H;[(L U )h + (L U )H]

) RKC: 10f

1, * %
PR: %[f + (g+1) matvec + E(L U), +ta sol]

* %
L U denotes the computational effort to perform the incomplete LU-
position on Qh and QH. For the definition of the other quantities

fer to the preceding subsections.




For linear problems one may choose the computational units

1
PCGC: ;;DE+ matvec] + C4 + 3 matvec + 2 sol

13) RKC : 4f

PR : é—[f+ matvec + g(matvec + sol)].

ice that the computational work involved to perform the incomplete LU-
ompositions are neglected in these units because for linear problems
se calculations are required only once and the decompositions can be
d in all integration steps.

In (4.12) and (4.13) not all calculations performed by the various
hods are taken into account. In the PCGC method the evaluation of the
obian matrices are neglected and are in fact provided in closed form in

experiments; in the RKC method the evaluation of the spectral radiﬁs
the Jacobian matrix is neglected and in the PR method all initial work
estimating the iteration parameters and the evaluation of the Jacobian
rices as well are not taken into account. For a more detailed discussion
the computational units (4.12) and (4.13), and a comparison on the basis
arithmetic operations we refer to [12].

Another important aspect in interpreting the results obtained by the
ee methods is the storage requirement. The RKC method requires only a

vector arrays whereas especially the PCGC method needs considerably

e storage.
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Table (1) and N values obtained
‘or problem (4.1) with h = 1/20.
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In table 4.8 the A(T) values and the corresponding computational work
(expressed in terms of the units defined in (4.13)) are illustrated. These
lues were obtained by performing the integration with a number of integra-
on steps (RKC with t = 1,1/12,1/35 and 1/70, the other methods with
= 1/5, 1/10 and 1/20).

Table 4.9 A(t) and N values obtained
for problem (4.2) with h = 1/20.

x RkC ; © (EIH)™ (q=9) ; e (EIC4I)m ;

N 0 20 40 60 80 100 120 140 160 180 200 220

| N I N SR R A R SN N S|
| I I B I ] i 1

Alt)

3.6 4
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In table 4.9 the A(T) and N values for problem (4.2) are illustrated
ned by the RKC, the PR and the PCGC method. The results of the RKC

d correspond to t =1,1/2,1/5,1/10,1/20,1/40 and 1/80. For the PR and
methods the integration step T and the value of m are indicated in the
From the tables 4.8 and 4.9 we conclude that relative to the units (4.12
4.13) the PCGC method is the most efficient one and the RKC method the
expensive one. However, are the units (4.12) and (4.13) comparable?

is both problem and computer dependent so that we shall not try to

r this question. Moreover, the aspect of storage may be as important as
omputational effort which places the RKC at the first place.

Finally, we remark that the PCGC method analysed in this paper should
plemented as a full-multi grid method as described in [2] and [3] if
ecides to base a softwére packagé on preconditioning and coarse grid

(pred)

ctions. Also a more suitable predictor formula y might be

dered.
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